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Fourierseries
• Jacob Fourier

a series expansion used for periodic signals to expand in termsof their harmonies which are sinusoidal or orthogonal to one
another.

Fourier Representation

/ L
Fourier series Fourier transforms

periodic signals aperiodic signals
l l l l

continuous Discrete time
time Discrete continuous

time time

FS DIRT
DIES FT

continuousness

1- Trigonometric as
a - complex exponential FS

periodic Function

f-Get 7) = f-Ca) f N G IR

Cl is -we → period)

Fundamental Period (smallest period)



topeofpwiodcfunchnsl.it7 is period of flat, he is also period Cn E 12)

2 . If fca) Ee gcn) have periods T, then

hca) = a fan) t bgln) has period T

3 . If f.cn) is periodic with period T, then flax) is
periodic with period Ia .

4 . Period of sum of periodic functions is LCM of periods

5- constants are periodic for any period T

②

TRIGONOMETRKSERLESFCXI
=

age + €7 Can cosnut bn Sinha)

where do , an ibn are called coefficients



Fourieriulertormulas

for coefficients

let fca) , a periodic function of 7=217 be defined

in the interval Cd, a -1217) as the sum of a

trigonometric series

foe) -- age I. an coma +⇐ bnsinna

2+24
Then Ao -- ¥1 flu)dx- d)

x

Lt217

an - Iq ) fla) cosnxdn for n-- I,2,3 . - . - Cy
L

Lt217

bn =# f flu) Shimada for n-1,43. . .

- (3)

L

n -- I → First harmonic

n -- L → Seco.nd harmonic
-

:



Dirichletconditions

Let FCK) be periodic function with 7--217 - let flu) be
a piecewise continuous function in the interval K

,
4217)

with finite number of ehtrema . then

I. At the point of continuity , Fourier series of flu) RHS

converges to flu) LHS

2. At the point of discontinuity, Fourier series of fla)
converges to arithmetic mean of left and right hand
limits of the) .

Harmonics

square
d ✓

fundamental

←
5th harmonic¥#dharmonic



I- obtain as to represent e-
a"
from N-

- ti to note

and hence derive series for ti

f-Get e-
ax

tinhn

ao -- * Iie-a" da -
- f LeIIn

= # ( III. team] -- ⇐a) amihan
Tl

an --f f f-Ca) cosnndx
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"
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-n

-

-* faeII faaesmetnsinnn))
"
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an-

-* taints a'
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bn -- ¥
.
!
"

e
-a" tinna da

= if I f-a sin me - n cosmyyn
-17

-

-I Lei
-''

ng - ¥÷Leaning
bn -

-f feating a sinhan

Ha) --e
-a"

= Lsinhaan) t

£7 * ( 2his hair ) Casini) ( acosna t n sinna)
when 2=0 g a= I

I = (sign) Ch) t I, # ( 2sinha) Fyne
i -- ( sina.tt) ft) ( I + 2 ( if t#¥))



Eun
-
- 4¥ '¥-7

2. Obtain FS of FH) = neat in C-17
,
n) . Hence

deduce that §
,
In, = thy
=

ao -- I ata' du -

- I LIE In

=# (Edt;I -tf -ing]
Go = 21¥ ⇒ 9oz = ng

odd
even even

n d L L
an -- ¥ ) Geta') cosnxdx

Tl

Tl

= # f n' cosnndn
O



a--we mis me
v -- T

du--2x du -- cosme

Tl n

-
- I [ risnmnx - Jaan sin na da] .
-

- F ( o - f
"

zx rinnndn)
-
- In ft ) f

"

" sinnude

v=
- comn

U⇒l g-
du -- du du = his me

=¥n facing t f cosign an]
"

°

atl
-

-⇒eye''# t finna'] ? )
an = It- IT

n-



bn = ¥f,^Cxtx2) suis na da

t 'even Todd
odd

Tl ✓ z
-ultraU= K

bn --q f xhis nxdn duadn dv= sinned"

O

-
-f f -nonsense + I cosign dnj?
= * tacos + Cinna )? )
-
- * fend any
=
- 2 C-on
-

full -- age t ⇐ an cosnx t ⇐ bn suisnu

Gen') - tf t cnn.la cosme -I
,
ag sin me

Function defined from C-qtr)

x -- n Cpoint of discontinuity) Dirichlet condition



fla) = arithmetic mean of Ltu g KHL

RH L at th :

function is periodic ⇒ flat) = FC-n
't)

with period 217

flat) = f Gmt) =
-tht tf

LHL at ti:

fat) = Tht tf

n fCN = Iz ( flat) etch
-

7)

=L (Thet - ti -1172) -

- 172

i. f- CM) = tf

Tk tf ingesting cos nm to

¥ = 4 ⇐ enacting
A

Entz = II
n=,

6



Oddoytvenfunctions

Even Functions

#t" " ft""

can be represented as cosine waves

Odd Functions

#"'"""")

can be represented as sine waves



Fourier series Expansion of Even Function

If flu) is an even function in Gn ,TD , then
the Fourier series expansion contains only cosine
terms

Fourier cosine series

*

fix)-- age t g an Cosme
N-1

do -- Iq Hk) dk = # of
"
FGC) dx

An -- ly! flat cosnxdn --§ & tea) cosme du
Fourier series Expansion of Odd Function
If flu) is an odd function in Gn ,TD , then
the Fourier series expansion contains only sine
terms

Fourier sine series

I

f-Cx) = E bn Sin na
n-4

bn = £ flu) tin me In -
- 2g ! Ha) Sinna da



I

← Kcal
x (n-x) -17 <KEO

z . Find FS of fla) = {x (nm) O Col LM

90/264
Check for parity :

01, C-x) = Ex) Cinta) = - 0/264

off-x) = -n Cti-a) = -of , he)

i. odd function

A
i. Ha) -- E bn sin na

NII
odd even odd

bn -- nz [ fact sinnndx -

- * [ Cxndtxsdsinnxdsc
bn = # f

"
stnnndx = zfotlxsinnxdsl

✓= -cosine
U--X n

du- du du-
-
ein nuda

-
- a f -nuesn.ge/uomIJI--2f-nC-I)---2nC-D'

n I



A

f-Cx) = I -2nnC sinme

n-- I

f-Get = -2n ft CLI finna

Fourierseriesoffunctionswithperiodrhl

Let fcx) be a periodic function with arbitrary period 2L
defined in an interval c Cx cc-12L . Then the Fourier

series expansion of fix) is

fact -- ane t I
,

an ios (NII) t bn sin (nth)
C-12L

90 = If f-Cx) dx

C

an --I !
"Ita) cos crine) da

bn =L {
'"Ica) firs (ring) doe



Forevenfunctions

For an even function fix) in C-L , L) , FS contains

only cosine terms

Fourier cosine series

Hx) -- age t §
,

an M (nth)
L

Ao -- Zz f f Cx) dk
O

L

an = Z f fla) cos (nth) du
O

Foroddfunctions

For an even function fix) in C-L , L) , FS contains

only cosine terms

Fourier Sine series

Hx) -- £ bn sin (nth)
N =L

b-
- I gotta) sin (nth)



4. Find FS expansion of flat = all -K) (2-x) in 10,2) .

Deduce the sum of the series % -ly tf, - -

- -

f-Ck) = Ce-202) (2-x) = 2N-222- x2tz3

= 23- 32ft 27C

A
f- Gc) -

- age t f an cosmic t bn Sinn
n =L

2

Ao -- ly f de-3Mt2x) da -

- fat - x'+ at]
"

O

O

= 4 - 8 -14 -
- O

an = f- [Lois-3×42×7 cosnone dx--
a DV

= ( cat-3x42x> finning) - Jcsat- but2) Cringe) d'D-
u DV

= (Gcs-3ham (sina.nu/-C3at-6nt7fcosannI)
- f Con-6) ( cosmic
- E)

doe)
'

a O
-DV



= (ca'-3x42x) (thinning) - (3×2-6×+2) @snCnn)L

- a.-67 Finning - 69n:I
'

O

=
-@xu- 6×2+2) Yn2I -÷µ +¥5 +¥4

=
- 2
F-⇐u

+ ftp.t#y--o
An -- O

④
f-Cx) -- KCI-x) CZ-x) [0,23
f-G-x) = I-x) (l- Ita) 42-12ta)

= - GL- l) CK-2)Gl) = -KCI-a)(2-2)

i. fCL-x) = - flu) ⇒ ODD FUNCTION

90 = An = 0

bn =

2T got f-Cx) sin rink du



bn -- 2 §¥f) thnx da

u AV

-
- 2 f-Gis-3×42×7 losing t f mnm; Chie-6kt2) dx)

'

+T o

= 2f-Gis-bit2x) cognate + (3×2-6742) sinning@1732

- ( 6h-6) sin nine
ll- Tmg did

u -
ow

= 2 f-I -37042W) losing t (3×2-6×-12) tinny⑥TD'

+ Cba-67%77,32 t 6 sinning J '
b

bi- al 6k¥ ]
-
- 1¥,
I

f-Cx) = E nl,⇒, sirs nm
ny l

at -3kt2x = 1,3g ⇐ in stirs nine



Let a= 1/2

f- -ft I
-
-¥. I.

,
# finna)

FF:# 'II = ( is -3¥ - - -J

'

p
-T t¥ - - - = gig

Parsevallstheorem

I Pdx -- L (azo' t Can'tbn7)
L

provided the Fourier series of flat converges in this

Different cases

d) flat is even

bn = O

2ft CHAD'da = L [ ALL tf, an' ]
f.
'

CfGe)Idk = If age + a,'t ai t ai e . . .]



(2) f-Gc) is odd
90--0 , an

--O

21¥13'dx= Lf ⇐ bri )

f- CHAD-du -- I [bitbit bit . . . ]

If fix) lies in the interval lo,2h) and

f-Cx) = agt ⇐ ancosmic t bn sin nth

f"CfCa))
-

du =L fags t ⇐Can'tbn'))

(4) If f-Cx) lies in CC, C-12L)

at !
'

III.Dida -- ago
'
t at⇐ an

'
-ibn



5. Find FS of flu) = K' in th ,TD . Prove that
A

81 = 174
A-I n't -90

fact -- W is even function

flu) - agt §, ancosnx

ao=¥f"x' da -

- ¥1 'S] ! = 2¥
IT
xlcosnxdxan -- f- fu-

o
U du

du--2x V-- finna
n

n

an famine - fan Emid" ] .
du-- l V -- -eosin

n
-
-apfntmnnm-an-f-ncosnntfcosnne.dk]

.

=q funnier tsgaxcosna -2pscrime) on



=# f FA cosmy = any C-IT

N -- II t €7 of e5 cosme
what we need : ⇐ Tnt --hot
Parteral 's Identity

a ft
'

CfGajda -- M ( EI an- tag]

yo
"

na da -- n f HII, t I¥]
' II ! XIII + HEI ha]

÷" II -ta) -

- Ei '

a

E. in -

- ¥:
'

his
E. ha -- ¥



6 . Ht) =
O

,

-2 - t t - I Find IS

>
- l Lt EOIii . o

,

'

a0 ,

total interval : -2 to -12

fct) is an even function

I even function

.it#.fCtl--aoz
t §

,

an cos nth
L

Ao = -22J flt)dt = § I -t dtt 1,20 At
O

-
- ft -E)

'

o

-
- I -I

-
-I

90=1/2



an [fct) cosnyt dt
= fold -t) cos ntzt dt

I
= sin htt(age - thishtt .

coshtt
⇒ Er)Z o

an -- lm÷÷ - 7÷÷ -E- +¥1
CEI
'

an -- 4- ( I - cos nad)XM)2

A

fct) -- Ly t 8 @⇒, Cl-cosnth)
NH

7. Find FS for flu) = { Mx O EkEl

M (2-x) LEK EZ

f-Cx) = ax
f- Cd-x) = Th CI-u)

even function



¥
flat -- aq t §, an cosnine
ao --ay ! nu du -

- I! "
I

an --f fn x cosnnx die

0

= an f xs-mnnn-mi-cosn.nl# ] !
= 2n ( Ying -⇐if
= ndq Cues nn- l)

-

- nay CEN
- l)



fact : # t £, ants Cen
't )

Halfkangefourierseries
If FCK) is defined in the interval ⑥ in) and is
not periodic in nature, we may expand the
function tofu) and make it periodic with period 217

It does not matter whether we make it even or odd
as we will be interested in its value only from coin)

x O ca 21712
suppose FGC) = ( n-x Ty, Cn Cn

--e :#x
even half - series odd half - series

(cosine) csine)

Sr . Find half - range sine series for FCK) -- at in the
interval 022 <3

Let fly) =/ W ,
RIO L-- 3

-W
,
re co



f-Gc) = ⇐ bn sins (natl)

bn -- Z ft fGd tin (ntgx) doc
=3 13 at sin fringe) doc

°

" I3 3 y

l -aE +
'

E -Ena.]
-

- I f-÷ e-''
n

+ Inez Gi -DJ
= 2 f C-M t Ings K"

"
-D]

-
- Int hi +IG. Hi

-D



fix) -- EI ( Int "" t@s÷, HM-D) sin none
9 . P -T iz -K -

-*§, in sin ante ,
o exc)

I-X O en etf"" " ( z-a taxso

*
f-Gc) = ¥

,
bn sin nite

bn -- Yf
"

€-x) tin nnxdx
o

= 2 [⇐-a) tuesnnnx - C-DC-seismic)

-
-q
¥?

'

r wanna - I



or
= Enif Hq = # CC-Nti)

flag = ¥ # (⇐Mtl) this nnx
lo . Find the 42 range cosine series of acook ( 0,17)

I

f-Gc) -- kiosk = age n§, an Cosme
n

Ao --F) kioskdx
O

O

⇒ fusing - a)Guesses]!
= 2g ( cost- cos O) = -I

t

an -- * f
"
x cosmosna da

=# gotta (cos htDx + cos Cn-Dx) doe
O

=¥fanizntn + cof.IN#x-insinnfn-/I+eosCn-Dx"
Tnt To



( ues@cnytntwYnnjDItcntt.t at]
'
-¥ ( C-IT

"
+ ⇐it

⇒a ⇒
+⇐a c- 1¥)

-
-in + at times

Ch-D2

an -- f ( i-III + ) anti )

for n-- I

a , = ¥ ftk.skdoc = ¥ [Cn-a) cos'xdx
2A , = ⇒ f

"

winds = 21
"Kues:c da

da -- plYum
ai -- z R"kH4

H2)
a,

-
- tf



ten -- nettyaux +I 7) t.tk#i7I)uesnn

ii. Expand the-win a half - range sine series in the
interval to

,
ti) upto first 3 terms

As a sine series
A

f-Gc) = I bn sin me
n-4

bn-¥ [Cme-xD sinnxdx
° O

= TfL Cmsmc) - (n-2xHnna)f)2

+ C-2) Cuesme)
M

F)
o

-
- ¥1 -2%nn_ +÷]
= pts ( t - c-15 )

tix -x' =q4 feint, Cl - e5) sinme even terms -- o

oddterms --↳
finna

-
-¥ ( sings + singye . .

. )



12 . Obtain sin half range series of flu)

flag , {¥
-"
'
"" EYa

↳ z

x -¥ , 42L se Cl

flat =n§ bn tin rinse

bn -- 2T !
"

f Cx) sinntxda

-
- 2)
""
(ka -a) sin nnxdset 2 !,!x-3/4) tin ntixdx

Yr
= aka -oyewsnn - tiffing] .

+ a [ in-⇒tuned - cnEnT;nIn
O

-

- al - c7n: hat

0

+ a c-q.ms - "TEIFI]



-

-al Eatin#)ezci-nf-DDHARMONICAN-AL.IS
If the function is not defined explicitly as a function of
an independent variable but defined in terms of a graph or
a table of values, then to find FS we perform Harmonic
Analysis
Here , we cannot use Euler

's formula to find a. , an and
bn-

Direct current : 90/2
First harmonic a, cosk t b , sink

second harmonic ques2kt basin 2x
n

:

the mean value of a function y
-

- FCK) over the rangecarb) is given by
b

beat f FCK) dye
a

If a set of N values for a function y
-
- f Ge) having

2n as a period at equidistant points of x is given in
the interval Cc, c-12177 , then the Fourier coefficients are:

C-1217

do = f- I fcxldx
c

Ct217

= 2 [⇐z¥ f fGodse)



= 2 [mean value of y--Ha) in Cc, Ctu)]

-
- a [Gif) = In Ey

ao=2y
an -- f In cos nada -- a [⇐¥i In cosnxda]

= 2 (mean value of y cosmy

9n=2g8ycos
bn = ¥ FIFTH rinnxdx = 2 [meanvalue of ysinning

bn=dnEyni
Note , If period -- 2L ,

an
-

- 2- Ey cos finny) bn -- 2- by sinningN N



13- Expand y as ES upto first harmonic

K O 12/3 212/3 Tl 49/3 517/3
y 7.9 72 3.6 0.5 0.9 6.8

period -- 217
90/2 = ? n -

-
6

I harmonic = acco.sk t b , sink = ?

y
-
- Azt quart b. sink

ao
-

-
2- Ey = f- EyN

a, = # s Yuan -
- Iggy week

b , =3 Syrinx =} Ey oink



x y ycosx yrinx
O 7.9 7.9 O

17/3 7.2 3.6 6.26

217/3 3.6 -1.8 3.12

17 0.5 -0.5 O

hn/3 0.9 -0.45 -0.78

517/3 6-8 3.4 -5.89

¥152.71

Ao = 8.97

a,
-- 4.05

bi - 0.90

yah-4835 -14-05 corn -10.905mL



14. Find coefficients of first 28in and cos terms for the
data

K O 17/6 1913 nth 217/3 517/6
Y O 9-2 14.4 17- 8 17.3 11 -7

21=17 ⇒ 2=17/2

9o=2qEy = Eye N=6

3

an
-
- f- Eycosntix =gEy cos 2nx

bn -- g- Ey sinning ⇒ Eyerman

x y ycoszx ysinsx ycosux ysin4x
O O O O O O

17/6 92 4.6 7.967 -4.6 7.967

17/3 14-4 -7.2 12-47 -7.2 - 12.47

1712 12.8 -178 0 17.8 0

217/3 17.3 -8-65 -14.98 - 8.65 14.98

517/6 117 5.85 -10.13 -5.85 -10-13

20.4-23.2-4.673-750.347



Ao -- 23 - 467 ⇒ 90/2--11-73

91=319 ycos22 = -7.73

bi Eyton 2K -
- - I-56

92--31 by cos 42=-2-83

b.z
-
- GI Eyton42=0.115

flu)= 11.73 - 7.73 cos2x - 1.56 this2K - 2-83 cos47C

-10.115 his4x

15 . Find first 3 coefficients of cosine and 2 coefficients
of sine terms of FS for the following data .

K O l 2 3 4 5

Y 9 18 24 28 26 20

N -- 6

21=6 ⇒ 1=3



Ao -- ¥ Sy = ÷ Ey

an = 2g E y cos nine = Iz E y cosNII
bn -- Ey Ey sin nine -I Ey sin nine3
a, = Ig Eycostly

Az = Ig Ey cos 21731

Az = tg Ey costhe

b , = iz Ey things
by =Iz Ey sin 2131



x y ycosthx guessing ycosnxysinnzx yenisey
O 9 9 9 9 O O

l 18 9 -9 -18 15.59 15.59

2 24 - 12 -12 24 20.78 -20.78

3 28 -28 28 -28 O O

4 26 -B -13 26 -22.52 22.52

5 20 10 -10 -20 -17.32 -12-32

125-2577-3.460

90=1231 ⇒ 9oz -- 125g = 20.83

91=31C-257=-8-33 b, = -3.462 = -1.15
3

92=-31 -- -2-33 by - O

Azz -13=-2-33

FGC) -- 20.83 - 8-33 costly -2-33002*15 - 2.33Cosme -115 Sintra3



COMPLEXEXPONENTIALSERIESF
or a function f-Go in the interval Cc, c-124,

Euler's identity can be modified to

tha -- age an (eim÷q)
+ § bn feints - e-inter⇒
a

flat -- age t E fang t big ) e'MIN-1

÷
+ EE Cas - binge

-innit

÷
Let co = as

2

in = ¥ tzbin = age - ibn
2

Let C
-n
-

- CT = any tibzn



flat -- co t §
,
en etMI + §

,
em e-
im

= E en eine ← contains on
,
co

n-- - a and C-n

we defined

Cn -- an-zibn = I [ I"dosnn - i sinning) floc) de2L

en -
- La {
"heimat fins da
l

[ complex
exponential form

• used in celestial motion , signals

Note : only 1 single constant used (instead of 3)

16 . Find complex FS for fcx)-- e-
"
defined in C-I,D

- inna
FCK) = E Cn e L-- I

n=-D



I

Cn--I f FCK) e-
in""

dye
2
- l

Cn = iz f
,

"

e
-"Clt inn) da

Cn -- iz f e

-NCH intr) I

Fein
T
. ,

= :c te:÷÷÷ ,
= { (e ein

"
- e
- inn
e
-I

-
- iz ( eccosnntisinnn) - Iec uesnn- isinnn))
#

(Kinn)

=L ( Ce - Ies qq.mn# )
= iz (e

- E ' ) (Yin Ci- inn)
' tank )

on = sinha) t.int)
It@MY



*

einmi sinha) C-IT Cl - intr )
f-Cx)= E-

n---0 It DMT

17. obtain complex Fs expansion for fat Cesare in

C-n , th 1=17

fact =
a

en e'
"⇒

= Einen eine

Cn -- In! cosax e-
in"
de

= #In"i"
"cosaadx

& ax

feakcosbx de = e- Cacosbxt
artb- bein ba)

-

q
=# (ein C -incosaxtasinan))

ein)
- tar

→



-

- La [aeii.hn?Casinax-inuesan5fIn--aT(azeiinnI-Casinan-incosan)
int

-e-fascinate - incasein))a2-me

= in a# ( innesany ee)2

+tna# ( a sinany ginning
2

°

= tray, [ cincosayismnntasinancos.hn ]

on = airman
Ma'-na)

a
inx

fix) = E
amination

"
e

n-- -a Tica-m)



circuitapplieationoffou-rier.rs

To find steady state response of a circuit .

The circuit shown has a non -sinusoidal gut
source that has a Fourier series

but - iz the ⇐ f- sin Cmt)
for n -- 2K-I

Find the voltage volt) at inductor and the

corresponding amplitude spectrum
5h

Tm t

"" of fat foot'
I -
-



18
.

Find FS expansion of the pulse train function as
shown

I -A¥
f-Gc) =/ I ,

0 ExLtyz

\ O , 12/2L K 1217

f-Cx) -- age + If an cosme tf bn tinme
do = in fix) doc -- in f"

"
du = Iz

aoz -- I



217

An = ¥ I fix) cos me doe
O

-
- ta Ithunn du -

- Cinna Yok
an = sin nd
→

NTI

bn
-

- I f"fad sinmedoc= ¥ !Hsin medal
bn -
- at C-uesnnx-j.be = If I - cosNE)na

a

f-he) -- tf tf & his hats cosme

n -- l

ht
at £

,
If I- cosnz) sin me


